In this work, we present a new result which concerns the derivation of the Green function relative to the time-independent Schrödinger equation in two-dimensional space. The system considered in this work is a quantal particle that moves in an axi-symmetric potential. At rst, we have assumed that the potential V (r) to be equal to a constant V0 inside a disk (radius a) and to be equal to zero outside the disk. We have used, to derive the Green function, the continuity of the solution and of its rst derivative, at r = a (at the edge). Secondly, we have assumed that the potential V (r) is equal to zero inside the disk and is equal to V0 outside the disk (the inverted potential). Here, also we have used the continuity of the solution and its derivative to obtain the associate Green function showing the discrete spectra of the Hamiltonian.
Introduction
The method of Green's function is a very powerful tool in solving problems of mathematical physics. In the general case the Green function is a distribution that was Before dealing with the description of our problem we include some works that are closely related to our problem, namely the Helmholtz equation on a disk. In Ref. [1] the author treats the problem of a thin circular Kirchho Poisson-plate. The plate edge is assumed to be elastically supported so that the boundary values are that the radial bending moment equals zero, whereas the strength is proportional to the function of the deection on the boundary. The Green function is also studied by [2] in * corresponding author; e-mail: mewalid@yahoo.com circular, annular and exterior circular domain. In Refs. [3, 4] the Green function was studied for the elliptic domain. The quantum problem relative to the scattering in two dimensions was also treated in [5] .
In our work, we address the problem of Helmholtz on a disk but with new boundary conditions. These boundary conditions are useful in quantum mechanics to problems of diusion and also for bound states. In quantum me- the Helmholtz equation takes two dierent forms depending on whether it is inside the disk or outside. This type of problem matches in quantum mechanics to the study of a particle is subject to a potential which is a positive constant to the interior of the disk and is zero on the outside.
In Sect. 2, we will expose the Schrödinger equation for the quantum particle moving in a potential dened as a positive constant inside the disk and zero outside the disk. It turns out that this equation is that of Helmholtz.
We also dene in this section the boundary conditions to which the solution of the problem must satisfy.
In Sect. 3, we calculate the Green functions associated with the problem. We have divided this section into two subsections 3.1 and 3.2. In Sect. 3.1, we considered that the quantum particle has an energy E > V 0 and then we calculated the Green function using the continuity of the solution and its rst derivative on the frontier. In Sect. 3.2, we considered that the particle has energy 0 < E < V 0 and calculated the Green function using the same boundary conditions as in Sect. 3.1.
In Sect. 4, we consider another problem on the disk that is to take the zero potential inside the disk and equal to V 0 > 0 outside the disk. Again, we calculated the Green function using the same boundary conditions for (636) the two cases E > V 0 and 0 < E < V 0 . In this case, the spectra are given by a transcendental equation. If we make V 0 to innity, we found the well-known result for an innite well. The spectrum is calculated by the zeros of the Bessel function. Finally, we nish this work by a conclusion in Sect. 5.
Two-dimensional quantum problem
Let us consider a quantum particle moving in an azimuthal symmetrical potential (independent of the azimutal angle θ) dened on a disk:
The dynamics of this particle is governed by the time-
which is written in the natural polar coordinates (r, θ) and whereĤ (r, θ) is the Hamiltonian of the particle, with a mass M , moving in this potential. Equation (2) is merely an eigenvalue E and eigenfunctions equation Ψ (r, θ). The explicit form of the Hamiltonian of the sys-
where
is the Laplacian in polar coordinates. Equation (2) writes
or, with respect of the denition of φ(r, θ):
This system is subjected to the boundary conditions dened as Ψ (r, θ) and d dr Ψ (r, θ) are to be continuous at r = a for all values of the azimutal angle θ. The separation variables method leads to transform the last two equations as
with the boundary conditions
and m = . . . − 2, −1.0, +1, +2, . . .
The global Green function of the problem (6) augmented by the boundary conditions (9), (10) is given by G(r, r , E) = G(r, θ, r , θ , E)
where G(l : r, r , E) ≡ G(l : r, r ) is the radial Green function that we shall calculate in the subsequent sections.
3. Construction of the Green function 3.1. The case E > V 0 3.1.1. The case 0 ≤ r ≤ r ≤ a (inside the disk) Following Eq. (8) the Green function is given by
and use the discontinuity of the rst derivative with respect to r at r = r :
Combining (12) and (13) we obtain
and
Using the Bessel Wronskian
we get the coecients
Then, the Green function inside the disk is given by
It rests to determine the coecient α(r ). To do this, we use the symmetry properties of G(l : r, r ):
By identifying in the last equation we nd α(r ) = α(r) = α.
Then the Green function inside the disk is given by
We mention here that the coecient α will be determined later when we explore the region outside of the disk.
3.1.2. The case a ≤ r ≤ r < ∞ (outside the disk)
In the outside of the disk, the Green function can be written as
Using the continuity of the Green function at r = r :
and the discontinuity of the rst derivative with respect to r at r = r , we nd d dr
Following (25) we check that
and using the Bessel Wronskian
we nd after substituting (27) and (28) in (26):
and after substituting (29) and (27) in (24) we nd
As we must have the symmetry property G(l : r, r ) = G(l : r , r),
we deduce
and then
where β is a constant that we start to compute in the following section.
The coecients α and β
To nd the coecients α and β we use the continuity of the Green function and the continuity of its derivative at r = a:
After simplications we get the coecient α:
In the same way, we nd
the Green function inside the disk is given by
and outside the disk
3.1.4. The case 0 < r ≤ a ≤ r < ∞ (r inside and r outside the disk)
In this case the Green function writes as
where λ is a constant to be determined using the continuity of the Green function at r = a :
Then
Then we obtain the Green function (mixed):
(46) 3.1.5. The case 0 < r ≤ a ≤ r < ∞ (r inside and r outside the disk)
where η is a constant to be determined using the continuity of the Green function at r = a:
Then the mixed Green functions become
In this case µ becomes purely imaginary number µ = iµ:
Then the Bessel functions transform as
Let us summarize all results in dierent regions now.
In the region dened inside the disk:
3.2.2. 0 < r ≤ a ≤ r < ∞ (r inside and r outside the disk)
3.2.3. 0 < r ≤ a ≤ r < ∞ (r outside and r inside the disk)
× J l (kr ) I l (µr). × J l (kr ) J l (kr), r ≤ r < ∞,
where Ψ (k, µ) = kI l (µa)Y l (ka) − i µY l (ka)I l (µa).
4. Two-dimensional problem for the inverted potential Consider here the quantum particle moving in an azimuthal symmetrical potential (independent of the azimutal angle θ) dened now as follows:
φ(r, θ) = 0 if 0 ≤ r ≤ a, V 0 if r > a.
To compute the Green function for this problem, it suces to reconsider the solutions obtained in the rst section and inter-change in them the constants µ ↔ k.
In this inversion E becomes less than V 0 (E < V 0 ) and µ becomes equal to 2m(V 0 − E)/ . For example in the case 0 ≤ r ≤ r ≤ a where the potential φ(r, θ) is zero and equal to V 0 outside the disk, the Green function becomes G 1,1 (l : r, r )
